1. Introduction. The objectives of this note are three-fold: (1) to present a new differential geometric characterization of the group of homographie transformations of a complex variable, (2) to interpret in geometrical language the significance of the invariance of the Schwarzian derivative under a homographie transformation, and (3) to characterize a general homographie transformation by its unique association with two families of concentric circles.
Preliminaries. Let the equation (1) w = w(z)
denote a conformai representation of the points z ~x-\-iy of a region R of the 3-plane on the points w = u+iv of a region R of the z^-plane, whereby a general curve C is transformed into a curve C. Let y and y denote the curvatures of C and C at corresponding points z and w, and let 5 and s denote corresponding lengths of arc of C and C. For a given transformation (1) it is well known that the rate of variation ds/ds is a function X(x, y) which may be expressed in any one of the following forms ( M *+<T Equation (3) This equation must, therefore, be satisfied independently of 0, and conditions (4) necessarily follow. We may state, therefore, the following theorem.
THEOREM 1. A necessary and sufficient condition that a conformai transformation be a homographie transformation is that the associated function X(x, y) satisfy both of the following identities h-xx
"yy :==: U, i^xy -U.
A geometric interpretation of this condition is that at a general point w of the curve C the rate of variation dy/ds of the curvature of C per unit length of arc s is independent of the direction of the curve C at the corresponding point z.
Equation (3) shows that this is equivalent to the following characterization.
THEOREM 2. The group of homographie transformations consists of all of the conformai transformations under which the differential form dyds is absolutely invariant.
The following theorem may be deduced, similarly, in consideration of equation (2) 
is an absolute invariant under the homographie transformations. Let us investigate the geometric significance of the invariance of this derivative. We find that
where accents indicate differentiation with respect to s. On differentiating the members of equation (7) with respect to 5 we obtain
Making use of (7) and (8) Likewise equation (12) (14) and (15) These equations express the significance of the invariance of the Schwarzian derivatives {s, s} and {z, s} as intrinsic geometric relations between any pair of curves C, C which correspond under a homographie transformation. To complete the geometric interpretations of (16) and (17) (18) is also necessary and sufficient that corresponding to any set of four values s = Sj, (j= 1, 2, 3, 4), the cross-ratios
are identical. If as 5 varies, points P and P describe curves whose corresponding lengths of arc are defined by a = a(s) and â = â(s), the movements of these points will be called projectively applicable. This designation is suggested by the property that the development of these movements along a straight line produces projectively equivalent rectilinear movements.
Corresponding to a real single-valued differentiable function a = a(s) there exists a class ©,(«> of projectively applicable movements to which a movement defined by â = â(s) will be said to belong if {â, s} = {o -, 5}. We shall call the Schwarzian {a*, s} the absolute projective acceleration
The corresponding magnimetric circles in the w-plane form the family of concentric circles, a general one of which is defined by
Let r(z) and p(w) denote the radii of the circles (23) and (24), respectively. We have, clearly, that (24) and (25) represent the isometric 5 circles. We shall refer to families in the z-and w-planes as z-and ^-families, respectively. By making use of equations (23) and (24) 
